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 Theoretical model is proposed for

predicting compressive residual
stress in abrasive waterjet peening.
 Abrasive sizes, spatial position, and
velocity distribution in waterjet beam
are considered in prediction model.
 Material work hardening is
considered in multiple abrasive
overlapping impacts.
 Abrasive distribution on the
workpiece depends on the number of
peening, traverse speed, and jet
centre distance.
 Distribution of compressive residual
stress is predicted based on abrasive
waterjet peening surface topography.
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a b s t r a c t
Abrasive waterjet peening (AWJP) is a new mechanical surface treatment where particles are delivered by
a waterjet to induce plastic deformation and achieve surface strengthening effects on a workpiece.
Although fatigue strength can be improved by inducing compressive residual stress, the prediction of
residual stress distribution remains challenging because particle–workpiece interaction occurs with randomicity, superposition, and overlapping. In this paper, a theoretical model is proposed for predicting
workpiece plastic deformation and compressive residual stress by analysing i) the non-uniform energy
distribution of the AWJP beam caused by the non-uniformity of the abrasive size, spatial distribution,
and impact velocity; ii) material hardening among multiple impacts by abrasive particles; and iii) overlapping traces induced by the changing position of the AWJP beam. The AWJP experiments were conducted in single-pass/multiple-pass/multiple-overlapping footprints with different pump pressures,
traverse speeds, and jet centre distances of the adjacent traces to validate the model. The results showed
good agreement with the predicted surface roughness and compressive residual stress. Compressive
residual stress increased with the pump pressure, whereas the effect of pump pressure change rate
decreased when the pump pressure was increased; further, residual stress is nearly constant with the
variation in traverse speed and jet centre distance of the adjacent traces when it decreases to a certain
value. These results can act as references for the control of residual stress and the prediction model
can aid industrial manufacturing in AWJP parameter optimisation (e.g. pump pressure, traverse speed,
surface roughness, compressive residual stress, and centre distance between two adjacent traces).
Ó 2021 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Abrasive particle energy (J)
Elastic modulus of abrasive particle (Pa)
Elastic deformation energy (J)
Energy threshold of workpiece plastic deformation after
j th impact(J)
Plastic deformation energy of j th impact (J)
Equivalent elastic modulus
Abrasive particle diameter (m)
Deformation of workpiece at i position
Thickness of workpiece (m)
Random position of workpiece
j th abrasive particle of position i
Material strength index (MPa)
Constant (300 MPa)
Side length of mesh (m) (Figs. 3 and 5)
Centre distance of two traces (m) (Fig. 5)
Abrasive particles flow rate (g/min) (Fig. 4)
Abrasive mass of each dwell position (g) (Fig. 4)
Mass of ia th abrasive particle (g) (Fig. 4)
Total mass of ia (i ¼ n) abrasive particles (g) (Fig. 4)
Number of abrasive particles of each dwell position
Constant (0.1368 at 25 °C)
Strain hardening exponent
Probability of abrasive particles appearing at a random
position
Equivalent load of i position (N)
Probability of abrasive particle velocity at a random
position
Pressure drop of inner and outer nozzle (MPa)
Abrasive radius (m)
Radial position of abrasive particles (m) (Fig. 2)
Radius of nozzle (m) (Fig. 2)
Surface roughness (lm)
Contact area of each mesh (m2 )
Jet nozzle dwell time at each position (s)
Abrasive particles mean velocity (m)
Abrasive velocity at workpiece surface (m=s)

xa

xv
z0

rb
ra ; la
rd ; ld
rv ; lv
ry0
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e
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q
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Jet nozzle traverse speed (mm/min)
Isentropic velocity of water jet behind orifice (m=s)
Ratio of abrasive particle radius position and nozzle radius
Ratio of abrasive particle velocity and isentropic velocity of water jet behind orifice
Initial surface
Workpiece material ultimate tensile stress (MPa)
Standard deviation and mean value of radial position
distribution of the abrasive particles
Standard deviation and mean value of abrasive particles
size
Standard deviation and mean value of the velocity distribution of abrasive particles
Initial yield stress of workpiece (MPa)
Yield stress of j th impact (MPa)
the ratio of the radius ap of plastic footprint to elastic
contact radius ae
Plastic contact radius between abrasive and workpiece
(m)
Poisson’s ratio of abrasive particle
Poisson’s ratio of Workpiece
Elastic strain limitation induced by previous deformation
Strain corresponding ultimate tensile stress
Recoverable elastic strain corresponding energy Ee ði;jÞ
Plastic strain
Amount plastic strain of previous j  1 th impact (Fig. 6)
Plastic strain of j th process (Fig. 6)
Total plastic strain of position i impact by j th abrasive
Total plastic strain of position i
Strain limitation of workpiece
Abrasive particle density (kg=m3 )
Water density (kg=m3 )
Compressibility coefficient

removing abrasive particles/shots and eliminating thermal effects
from the surface [11]. Thus, through AWJP, massive compressive
residual stress can be added into the workpiece by introducing a
significant work hardening effect and without inducing thermal
damage or stress concentration caused by embedding abrasive particles. This approach can significantly influence the stress concentration and crack development of the target surface and enhance
fatigue strength.
Arola et al. firstly used garnet abrasives to apply AWJP to treat
metallic orthopaedic implants (Ti6Al4V) for inducing a rough surface and compressive residual stress [12]. Compressive residual
stress induced by pure waterjet peening and AWJP was compared
in subsequent research [10] it was found that compressive residual
stress with AWJP was higher than twice that of waterjet peening.
Further, the effect of abrasive size and pump pressure on surface
texture and particle deposition was investigated [11]; the results
indicated that a larger abrasive size or pump pressure caused
higher surface roughness. However, all of these studies were based
on experimental trials, and the formation mechanism and quantitative prediction of residual stress and surface roughness could not
be achieved. Sadasivam et al. [5,13] developed a FEM model and
studied the elastic prestress effect on the compressive residual
stress of AWJP, and found the surface residual stress increased with
the workpiece elastic prestress. However, only a single abrasive

1. Introduction
Abrasive waterjets (AWJs) gained popularity because of their
low processing forces [1], no heat-affected zone [2], high flexibility
[3], and no eco-intoxications [4]. The AWJs have been widely
applied in material removal and surface treatment (e.g. cutting,
milling, drilling, and polishing) of micro and macro components.
Abrasive waterjet peening (AWJP) is a new surface treatment process that can be used to induce compressive residual stress on
metallic components [5] after other processes [6,7] for enhancing
components fatigue strength [8], mechanical strength, corrosion,
and wear resistance.
Unlike pure waterjet peening where only water mass and cavitation are employed for surface impingement [9], abrasive particles carried by the waterjet are employed to impinge the
workpiece in the AWJP process. This approach of the AWJP process
can significantly increase the efficiency of the pump pressure to
obtain the desired compressive residual stress when the pump
pressure is 140 MPa [10]. This may because abrasive particles,
which are considerably harder than water mass and cavitation,
can induce extra elastic–plastic deformation (surface topography)
on the target material. Compared with conventional shot peening,
compressed air is replaced by the waterjet with an additional function of ‘cleaning’ and ‘cooling’. This implies that the waterjet aids in
2
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that can significantly affect the practical stress distribution. To the
best of the authors’ knowledge, these factors have not been considered (Fig. 1): (i) spatial and velocity distributions of abrasive particles (for AWJP); (ii) overlapped peening footprints; (iii) work
hardening in repeat impact; and (iv) spatial distribution of residual
stresses. In AWJP, which is a time-dependent process, it is not difficult to observe that the uneven distribution of abrasive particle
position and velocity (Fig. 1a) can induce uneven surface topography and compressive residual stress (Fig. 1c), especially in the
overlapping position. In addition, because of the discretised contact between the abrasive particles and the workpiece, yield stress
varies with a number of impacts (Fig. 1b).

particle impact process was modelled in their model, without considering the effect of repeated impacts and overlapping footprints
on residual stress distribution; therefore, it is difficult to capture
real conditions and explain the mechanisms of AWJP. Zhang et al.
[14] established both theoretical and FEM models to study the
residual stress field for different target geometrical features of
the AWJP process, where the residual stress of the concave surface
was found to be larger than that of the convex surface under the
same AWJP parameters. However, the abrasive particle size, spatial
position, and velocity distribution in the waterjet were not considered, and they are important factors that can affect the plastic
deformation of the workpiece surface, surface roughness, and
residual stress distribution. Liao et al. conducted research on the
surface integrity under a variety of processes [15–17], and surface
modification [18] of AWJM where an abrasive waterjet was used to
remove the particles embedded in the workpiece. Although residual stress was not modelled, the idea of calculating the general
waterjet energy density profile indicates that modelling based on
energy distribution is an effective and feasible method.
There are many other studies on compressive residual stress of
the shot peening process, wherein the shots are delivered by compressive air. The effect of initial residual stresses on the shotpeened specimen was studied based on a comprehensive experimental and numerical, found that any initial stress field can be
wiped out by the shot peening process up to the maximum compressive residual stress point [19]. The microstructure of the workpiece treated by shot peening was measured and analysed [20–23],
which provided a good understanding of the residual stress generated mechanism. For the modelling process, compressive residual
stress prediction was modelled in Li et al. [24] based on a Hertzian
contact theory and approximate elastic–plastic analysis, wherein
the peening surface is assumed to be 100% covered. Atluri and Shen
[25] studied Li’s model and considered shot velocity, they replaced
the pre-test parameter with the analytical model. The Ramberg–
Osgood model and Ludwick’s model were used to modify and calculate the plastic stress and strain in Li’s model [26]. Further, this
model was applied to predict the peening intensity by Miao et al.
[27] it was found that the shot diameter is an important factor
influencing the residual stress and fatigue strength. However,
few of these models considered the repeated impact process, overlapping footprints, and yield stress increased by the effect of previous shots on residual stress distribution. Sherafatnia et al. [28]
considered material hardworking and Coulomb friction between
the target surface and shots to improve Li’s model. The prediction
accuracy was improved by 15% and 8% for different hardening
models. However, in this model, the effect of a single abrasive particle is assumed to be suitable for all particles with different sizes
and distributions over workpiece surfaces. This assumption
neglects uneven surface plastic deformation that affects residual
stress distribution particularly when performing AWJP in a local
area. Moreover, a model of spherical cavity expansion was proposed by Al-Obaid [29] to predict plastic deformation and residual
stress, which improved the adaptability of the modelling process.
Fathallah et al. [30] proposed an analytical model of plastic deformation and residual stress distribution by considering the effect of
friction and the angle of impingement between the shot and the
target; they observed that the residual stress values and equivalent
plastic deformation increased in the near-surface region with an
increased coefficient of friction. However, the effect of the overlapped footprint and repeated contact between the shot and target
on the plastic deformation and distribution of compressive residual
stress were not considered in the two models.
Despite the previous studies that focused on the modelling of
compressive residual stress, there are still some important factors

2. Problem definition
This study proposes an analytical model of compressive residual
stress distribution in the AWJP process based on energy conservation. The abrasive particle distribution of the abrasive waterjet
beam, abrasive-workpiece contact, abrasive particle footprint overlapping process, work hardening between each impact, and compressive residual stress distribution were analysed:
 The energy distribution of the AWJP beam at the jet-workpiece
contact surface affects plastic deformation and compressive
residual stress. Energy calculation considers the nonuniformity of abrasive particle size, spatial distribution, and
impact velocity.
 Influence of jet nozzle traverse speed (v t ) and centre distance
(lt ) between adjacent traces (Fig. 1a) on the number of abrasive
particles impinging on the workpiece surface. The number variation of abrasive particles is from the footprint that overlaps in
single and multiple traces, which reflects the time dependence
of AWJP.
 Material hardening is considered by analysing the effects of the
previous impact on the material yield stress (Fig. 1b). The yield
stress is increased through multiple impingements (Fig. 1b ry0
is increased to ryði;j1Þ ) when the energy carried by the abrasive
particles is beyond the material elastic–plastic critical energy.
 Uneven spatial distribution of compressive residual stress on
the AWJP surface (Fig. 1c) is caused by the non-homogeneity
of the abrasive particle footprints.
3. Modelling of surface roughness and residual stress in AWJP
The proposed model includes four steps: i) determining the
kinetic energy distribution of abrasive particles in the AWJP beam
that can influence residual stress spreading (Section 3.1); ii) modelling the abrasive particle–workpiece contact process (Section 3.2), iii) establishing the relationship between abrasive
particle kinetic energy and workpiece deformation energy, and
determining the workpiece deformation (Section 3.3); and iv) calculating the compressive residual stress (Section 3.4).
The following assumptions were considered to refine the model
from practical problems:
o The water mass does not affect the surface deformation because
the water flow energy is largely consumed during the process of
sucking abrasive particles, mixing, and accelerating the abrasive
particles. Moreover, according to the research of Hashish [31],
when the standoff distance is 44 mm with the pump pressure
of 310 MPa, there is no obvious peening effect observed in pure
water jet impact. The thermal effects are neglected because of
the continuous flow of water.

3
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Fig. 1. Schematics of AWJP process: with (a) abrasive particle size, spatial, velocity distribution in waterjet, and overlapped traces; (b) work hardening between two impacted
abrasive particles; and (c) distribution of equivalent load and corresponding compressive residual stress.

where r a and rn denote the radial position of the abrasive particle
and the radius of the nozzle (Fig. 2), respectively.
According to Heiniger [35] and Lozano [1], the velocity of abrasive particles varies along the radial direction within the AWJP
beam similar to its spatial distribution, Gaussian distribution. That
is, the ratio of the abrasive particle velocity to the water velocity

o Employed peening abrasive particles (i.e. stainless steel balls)
are spherical and rigid with no interaction between abrasive
particles because of the small abrasive flow rate. All abrasive
particles affect the workpiece surface vertically; no fragmentation or embedment of abrasive particles occurs.
o The target workpiece is a semi-infinite body. This is employed
for Hertzian contact theory for the compressive residual stress
calculation.
3.1. Modelling the kinetic energy of abrasive particles in the AWJP
beam
In the AWJP process, abrasive particles spread along a radial
direction within the waterjet beam, i.e. high density in the middle
zone and less on the edges (Fig. 2) [32]. It is necessary to obtain the
distribution of the abrasive particle size, position, and corresponding velocity to obtain the kinetic energy distribution of abrasive
particles.
Heiniger [21] and Axinte [33,34] suggested that the spatial distribution of abrasive particles along with the radial position xa can
be assumed to follow a Gaussian distribution, it can be described as
2

ðx l Þ
1
 a a
Pa ðxa Þ ¼ pﬃﬃﬃﬃﬃﬃﬃ e 2ra 2 ;
2pra

ð1Þ

where ra and la represent the standard deviation and mean value,
respectively, P a represents the probability of xa , and xa denotes a
dimensionless parameter that can be expressed as

xa ¼

ra
;
rn

ð2Þ
Fig. 2. Schematic of abrasive particles distribution within the waterjet beam.
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follows a Gaussian distribution within the AWJP beam. It can be
described as

(Fig. 3a, b, c), the interaction between the abrasive particle and
workpiece during the continuous movement process can be considered as an overlap of meshes. Thus, an abrasive particle–workpiece contact process can be determined analytically.

2

ðx  l Þ
1
 v v
Pv ðxv Þ ¼ pﬃﬃﬃﬃﬃﬃﬃ e 2rv 2 ;
2prv

ð3Þ

where rv and lv represent the standard deviation and mean value,
respectively, and Pv denotes the probability of xv , which is the
velocity ratio and is presented as

xv ¼

va
;
vw

3.2.1. Abrasive particle–workpiece contact and superposition at dwell
position
The number of abrasive particles in each mesh is calculated for
analysing the abrasive particle–workpiece contact process. In the
first instance, the dimensions of the mesh should be reasonably
defined, and then, the abrasive particle mass at a single dwell position is computed to obtain the total number of abrasive particles.
Subsequently, the number of abrasive particles in each mesh is
determined. Finally, the superposition process of the abrasive particle footprints in each mesh is determined.
The dimensions of the mesh are estimated by the diameter of
the abrasive particle footprint (green dashed line in Fig. 3c) to
replace the abrasive particle footprint by mesh considering a similar contact area and overlapping process. Miao et al. [27] reported
that the relationship between the plastic contact radius ap of a single particle and the impact velocity v a can be expressed as

ð4Þ

where v a denotes the abrasive particle velocity and can be calibrated by experiments, and v w represents the isentropic velocity
of the waterjet can be calculated from Bernoulli’s function for the
momentum balance and water compressibility equation [36], and
it can be given by

vw

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2  Dp
¼w
;

ð5Þ

qw

with the mean relative water pressure Dp, water density qw , and
compressibility coefficient w is described as [35]

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


L
Dp 1n
w¼
 1:
½ 1þ
L
Dp  ð1  nÞ

ð6Þ

ap ¼ Ra

where constant L is 300 MPa, and constant n equals 0.1368 at 25 °C.
In addition to spatial and velocity distributions, it is necessary
to calculate abrasive particle size distribution within the waterjet
beam. According to Heiniger [35], abrasive particles with different
sizes remain randomly distributed within the AWJP beam. Therefore, the abrasive particle distribution model can be calculated
independently.
Diameters (dÞ of 200 abrasive particles were measured before
peening, and the distribution function of the particle size that follows a Gaussian distribution can be described by (Fig. 8e, standard
deviation rd ¼ 14:65lm, and mean value ld ¼ 169:76 lm)

ð7Þ

Ma ¼ ma Dt;

Thus, the spatial distribution, velocity distribution, and diameter distribution of the abrasive particles were calculated. Then,
the kinetic energy of every single abrasive particle (Ea) within
the waterjet beam is calculated as

Ea ¼

   3
1 4
d
p
p
qv a 2 ¼ d3 qv a 2 ;
2 3
2
12

ð9Þ

where Ra and v a are the abrasive particle radius and velocity,
respectively, q denotes the abrasive particle density, and ry0
denotes the workpiece yield stress. All meshes are set to the same
dimensions as lm ¼ 2ap to simplify the calculation process. Here,
ap is calculated by the average abrasive particle radius and velocity.
The total abrasive particle mass at each dwell position can be
determined by the abrasive particle flow rate and traverse speed
of the waterjet beam; subsequently, the number of abrasive particles can be calculated by its total mass and size distribution function. Assuming the abrasive particle flow rate is ma , the total
abrasive particle mass Ma at a single dwell position can be calculated as

2

ðdld Þ

1
FðdÞ ¼ pﬃﬃﬃﬃﬃﬃﬃ e 2rd 2 :
2prd


1
8qv a 2 4
;
9r y 0

ð10Þ

where Dt denotes the dwell time and can be computed using the
beam traverse speed v t and the length of the dwell point (Fig. 3a
la ). The length of the dwell point is kept equal to the dimension of
the mesh lm to simplify the calculation, and therefore, the mass of
the abrasive particles at each dwell position is

ð8Þ

with the abrasive particle density q.

Ma ¼ ma
3.2. Analysis of abrasive particle–workpiece contact process

lm

vt

:

ð11Þ

Therefore, as shown in Fig. 4, the number of abrasive particles
N a can be obtained by combining with the abrasive particle size
distribution function in Eq. (7), where ia denotes the number of
abrasive particles, M ia denotes the mass of the ia th abrasive particle, and Mn denotes the total mass of ia abrasive particles.
The mesh size, positions, abrasive particle number, and velocity
in each mesh can be determined (Fig. 3) based on the distribution
function (spatial position, velocity, and size) presented in Section 3.1. Further, the impact process of abrasive particles in each
mesh can be regarded as an orderly impact process (Fig. 3e) considering the independent act between abrasive particles and the
workpiece in the actual condition and the work hardening phenomenon. The abrasive particle–workpiece contact surfaces of different dwell positions can be considered as the overlapping process
of meshes.

In this study, the drop-off position of abrasive particles is discretised with lm  lm meshes (Fig. 3a and b) considering the complexity of the abrasive particles overlapping at a jet dwell
position and the interaction between abrasive particles and workpiece during continuous jet movement (Fig. 3a). If the dimension of
each mesh is sufficiently small, then the abrasive particle footprint
can be approximately expressed through a single mesh (Fig. 3 b
and c). Thus, the number of abrasive particles drop in the same
mesh can be considered to overlap at the same position (Fig. 3 d
and e). Consequently, an abrasive particle–workpiece contact condition at each dwell position can be determined. Further, the continuous abrasive waterjet beam moving process can be
decomposed into multiple discrete dwell positions (Fig. 3a). If the
discrete length of the beam trace la is equal to the mesh width lm
5
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Fig. 3. Schematics of abrasive particle–workpiece contact and superposition process. (a) Peening process of a single trace, (b) division of contact area between abrasive
waterjet beam and workpiece at dwell position, (c) mesh size setting process, (d) number of abrasive particles in each mesh, and (e) overlapping approximation of abrasive
particles impact within the same mesh.

3.3.1. Constitutive model and work hardening
In AWJP, abrasive particles affect the workpiece one after
another and follow different stress–strain relations (Green and
blue arrows in Fig. 6a). This is because the stress–strain model at
the local position can be influenced by the previous impact/work
hardening effect. This implies that the yield stress at different
workpiece positions varies with impact history. According to Ludwik’s equation [37], the constitutive model of materials at locally
impacted position can be expressed as

3.2.2. Abrasive particles superposition of single trace and overlapping
traces
It is necessary to analyse the abrasive particle–workpiece contact and superposition process in peening traces to allow the modelling of the entire surface peening process after determining the
contact and superposition between the abrasive particles and
workpiece at a single dwell position.
Superposition at the trace level contains two cases: Superposition in the i) single trace counting from the waterjet beam movement and ii) between adjacent traces depending on the trace
centre distance (Fig. 5a, lt ).
To simplify the process, these two cases are analysed together
(Fig. 5a) because they can both be considered the partial overlapping of the dwell position. The centre distance of two adjacent
traces is set as lt . Further, the trace centre distance lt can be divided
into multiple segments depending on the dimension of the mesh lm
because the dimension of the mesh lm is sufficiently small. Thus,
the overlapping traces can be analysed by overlapping the footprints of each mesh.
The random footprint (mesh0) of trace i was selected to analyse
the overlapping process (Fig. 5a) to facilitate understanding. The
abrasive particles of mesh1, mesh2, and mesh3 overlap on the
mesh0 position in sequence at times t1, t2, and t3, respectively,
when the AWJP beam moves along trace ii, as shown in Fig. 5b.
The abrasive particles of each mesh acting process were analysed,
as shown in Fig. 3d and e.

r ¼ ry0 þ K t ep nt ;

ð12Þ

where r, ry0 , ep , K t , and nt denote the stress, initial yield stress, plastic strain, material strength index, and strain hardening exponent,
respectively.
Assuming that the material at mesh i is subjected to j-1 times
impacting deformation, the yield stress is increased by a factor
P
depending on the amount of plastic strain
epði;j1Þ . Hence, the
stress–strain relation in the next impact (j times) can be expressed
as

ryði;jÞ ¼ ry0 þ K t ð
where

X

n

epði;j1Þ þ epði;jÞ Þ t :

ð13Þ

epði;jÞ denotes the plastic strain by the j impact.
th

3.3.2. Relationship between energy and plastic deformation
In the abrasive particle–workpiece contact process, energy carried by the abrasive particle varies with the abrasive particle size,
position, and velocity. That is, not all abrasive particles have sufficient energy to generate deformation on the workpiece surface.
Therefore, the workpiece deformation energy threshold varies with
each mesh because of the effect of the previous impact deformation. Further, the plastic deformation energy threshold of the different impact times is determined to calculate the plastic
deformation.

3.3. Energy conversion and surface roughness
The kinetic energy of a single abrasive particle and the distribution and superposition of the particles can be obtained based on
the above discussion. The next step is to determine the relationship
between the kinetic energy of the abrasive particles and workpiece
deformation.
6
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Eep ði;jÞ ¼ sm hw

Z

eyði;j1Þ

0

Et ey de ¼

1
ry ey sm hw ;
2 ði;j1Þ ði;j1Þ

ð14Þ

where sm , hw , Et , ey denote the mesh contact area at position i, thickness of workpiece, elastic modulus, and yield strain induced by the
previous deformation and updated by eyði;j1Þ , respectively, which is
equal to

eyði;j1Þ ¼

ryði;j1Þ
Et

¼

ry0 þ K t

P
Et

epði;j1Þ nt

:

ð15Þ

Eep ði;jÞ can be considered the initial energy threshold used to set up
P
P
the processing parameter when
epði;j1Þ (j ¼ 1;
epði;0Þ ¼ 0).
Because the peening process aims to introduce residual stress on
P
the original surface, the stress ryði;j1Þ and yield strain
epði;j1Þ in
Eq. (15) are replaced by the workpiece initial yield stresses ry0
and 0, respectively.
Therefore, when an abrasive particle (energy Ea , Eq. (8)) interacts with the workpiece, two different cases occur:
Case (i): Abrasive particle kinetic energy Ea ði;jÞ (Equation (8)) is
smaller than the workpiece plastic deformation threshold energy
Eep ði;jÞ Eq. (14).
According to the law of conservation of energy and Hook’s law,

Ea ði;jÞ ¼ Ee ði;jÞ ¼ sm hw

Z
0

eeði;j1Þ

Et eeði;j1Þ de; ðeeði;j1Þ  eyði;j1Þ Þ

ð16Þ

where Ea ði;jÞ denotes the abrasive particle kinetic energy, and Ee ði;jÞ
and eeði;j1Þ are the elastic deformation energy and recoverable elastic
strain corresponding energy Ee ði;jÞ , respectively.
In this case, the constitutive model (Fig. 6) is unchanged and
can be used for the next contact process because no plastic strain
occurs.
Case (ii): Abrasive particle kinetic energy Ea ði;jÞ is larger than
the workpiece elastic–plastic critical deformation threshold

Fig. 4. Schematic of the calculation of abrasive particle number at each dwell
position.

energy Eep ði;jÞ .
Abrasive particle kinetic energy Ea ði;jÞ can be decomposed into

The impact of the jth abrasive particle at mesh position i is
selected to facilitate understanding. Considering prior impact
P
deformation
epði;j1Þ according to the energy conservation law

the maximum elastic–plastic critical deformation energy Eep ði;jÞ
(energy threshold) and the plastic deformation energy Ep ði;jÞ

Ea ði;jÞ ¼ Eep ði;jÞ þ Ep ði;jÞ ;

and the constitutive model in Eq. (13), the workpiece elastic–plastic transformation energy threshold Eep
impact can be calculated as

ði;jÞ

(Fig. 6b) of the jth

ði;jÞ

ð17Þ
ði;jÞ

where Eep
can be calculated using Eq. (14), and Ep
can be
expressed by Eq. (18) according to the energy conservation law
and the constitutive model in Eq. (13).

Fig. 5. Schematics of footprint superposition analysis process of traces with overlapping process of (a) two adjacent traces and (b) meshes (jet beam at different dwell
position).
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Fig. 6. Schematics of (a) constitutive relation and (b) deformation energy.

Ep ði;jÞ ¼ sm hw

Z

eyði;j1Þ þepði;jÞ



eyði;j1Þ

ry0 þ K t ð

X

n



epði;j1Þ þ epði;jÞ Þ t de;

3.4. Calculation of compressive residual stress

ð18Þ

Residual stress is the internal stress distribution locked into the
material; these stresses were present even after the external loading forces were removed. They are a result of the material obtaining equilibrium after it has undergone plastic deformation [40].
Although the AWJP is a continuous impact process, only the final
state is meaningful in the industry. Therefore, the final state of
the surface topography was used to analyse the compressive residual stress.
In this study, the compressive residual stress was calculated
based on [24–28]. According to [24–28] (a more detailed derivation is given in the Appendix), assuming that the peening surface
is 100% covered, it can have a relationship between the load and
compressive residual stress as

P
where
epði;j1Þ denotes the prior plastic strain from Eq. (15), and
epði;jÞ denotes the incremental plastic strain corresponding to the
energy Ea ði;jÞ , which can be calculated. The total plastic strain caused
P
by all jðj ¼ 1; 2; . . . ; j; . . . ; N i Þ abrasive particles in the same mesh i
can be described as

X

epði;jÞ ¼

X

epði;j1Þ þ epði;jÞ ;

ð19Þ

Consequently, the total strain

P

epði;Ni Þ of mesh i can be com-

puted when the total number N i is determined.
In this case, the constitutive model is updated because of the
updating plastic deformation and yield stress ryði;jÞ (Fig. 6), the constitutive model can be described as

(

P

rr ¼ f pr ðP; d; q; E ; K t ; nt ; zÞ:



ryði;jÞ ¼ ry0 þ K t epði;jÞ nt
;
P
ryði;jþ1Þ ¼ ry0 þ K t ð epði;jÞ þ epði;jþ1Þ Þnt
epði;jþ1Þ denotes the plastic strain of the (j + 1)

th

where

where P denotes the contact load between the abrasive particles
and workpiece; d denotes the diameter of the abrasive particle
(here, mean value); and q; E ; K t ; andnt are the material properties
of the abrasive particle and workpiece.
Here, 100% coverage is only accepted for each small mesh as the
number of abrasive particles in the adjacent mesh is similar; and
small area is easily covered. In this case, the contact load in Eq.
(24) can be replaced by equivalent load Pi (Fig. 7a and the corresponding residual stress in Fig. 7b) based on the constitutive
model; the plastic strain epði;Ni Þ of mesh i can be calculated as

impact

(j ¼ 1; 2; . . . ; j; . . . ; N i ).
3.3.3. Surface roughness
P
According to the total strain
epði;N Þ , the total deformation of
i

mesh i induced by the impact of all N i abrasive particles can be calculated as

hi ¼ hw

X

epði;Ni Þ ;

ð21Þ

Pi ¼

The final topography zfin of the machined surface can be predicted using Eq. (22) if the deformation hi (i ¼ 1; 2; . . . ; n) of all
mesh N m are obtained.

zfin ¼ z0  hi ;

ð24Þ

ð20Þ



ry0 þ K t ð

where

ð22Þ

the Ni

P

th

X

n



epði;Ni Þ Þ t hw sm :

ð25Þ

epði;Ni Þ denotes the amount of plastic strain at point i after

abrasive particle, which can be calculated using Eq. (19).

with the initial surface topography z0 .
Furthermore, surface roughness [38,39] can be expressed as

Sa ¼

1
A

ZZ

4. Experimental methodology

zfin ðx; yÞ dxdy;

ð23Þ
A series of AWJP trials was performed to validate the derived
model. The surface roughness, and compressive residual stress
were measured and compared with those calculated using the proposed model.

A

where A denotes the area, zfin ðx; yÞ denotes the corresponding depth,
and ðx; yÞ denotes the plane position.
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Fig. 7. Schematics of (a) equivalent load distribution and (b) corresponding residual stress.

In AWJP, the orifice diameter is 0.18 mm and the nozzle diameter is 0.5 mm. Other related parameters are listed in Table 2 for
evaluating different analysis factors (Table 3).

4.1. Setup and materials parameters
AWJP (Fig. 8a) was conducted on an Inconel 718 plate with
abrasive particles (commercial stainless steel shots AMACAST ES140, with average diameter of 160 lm, the size distribution has
been remeasured and counted). The initial surface roughness of
the workpiece (Inconel 718) was Sa ¼ 7:70 mm. The workpiece
was heat treated (500 °C for 2.5 h, air cooling) to eliminate the
residual stress from previous processes as much as possible. The
initial surface residual stress was measured to be
79.3 ± 43.1 MPa. The properties of Inconel 718 at 25 °C are listed
in Table 1 [41–43]. Before running the experiments, the abrasive
particle size (Fig. 8d) and initial workpiece surface topography
were measured using an optical 3D surface profiler (Alicona G4,
see Fig. 8b). The particle size distribution is shown in Fig. 8e. After
the experiments, the Inconel 718 plate was divided into several
parts with different dimensions of 60*30*8, 60*40*8 mm, and for
each part has 3 or 4 footprints with length 50 mm. The peening
surfaces were measured by Alicona G4 and PROTO i-XRD, see
Fig. 8(b) and (c) for surface roughness and compressive residual
stresses, respectively.

4.2. Determination of spatial and velocity distributions of abrasive
particles
The footprints on the workpiece were used to calculate the spatial and velocity distribution functions of the abrasive particle.
According to [35], abrasive particles with different sizes remain
randomly distributed within the AWJP beam; the velocity distribution of the abrasive particles is considered to be uniform. Only the
footprint position is required and collected to fit the spatial distribution function in the abrasive particle radial distribution statistical process. In the statistical velocity distribution, only the
footprint radius and depth are required to obtain the velocity distribution function.
The footprints were measured in the case of #11 and used for
the particle spatial and velocity distribution determination in all
cases in Table 2. This is because the variable pump pressure has
almost no effect on the abrasive particle radius position-nozzle

Fig. 8. Schematics of AWJP setup, measurement system, abrasive particles and size distribution, with (a) experimental process, (b) surface topography measure process, (c)
residual stress measure process, (d) abrasive particles, and (e) abrasive particle size distribution.
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Table 1
Workpiece properties.
Elastic modulus Et (Gpa)

Yield stress

200

505.8

ry0 ðMPaÞ

Strength index kt ðMPaÞ

Strain hardening exponent nt

Poisson ratio c2

1472.2

0.4

0.284

Table 2
Parameters used in AWJP experiments.
No.

Pump pressure (MPa)

Traverse speed(mm/min)

Jet centre distance (mm)

Abrasive flow rate (g/min)

Stand-off distance (mm)

#0
#1
#2
#3
#4
#5
#6
#7
#8
#9
#10
#11

100
200
300
200
200
200
200
200
200
200
200
200

300
300
300
100
200
200
200
300
200
200
200
1000

0
0
0
0
0
0
0
0
1
2
3
0

12
12
12
12
12
12
12
12
12
12
12
12

40
40
40
40
40
40
40
40
40
40
40
40

(once)
(once)
(once)
(once)
(once)
(twice)
(four times)
(Three times)
(two traces)
(two traces)
(two traces)
(once)

Similarly, according to the footprint depth k and contact radius

Table 3
Analysis elements and corresponding experiments.

ap , the abrasive particle radius Ra (see Fig. 10) can be approxi-

Analysis
No.

Analysis factor

Experiment
No.

mately computed as

# A1
# A2

Pump pressure (100, 200, 300 MPa)
Traverse speed (100, 200,300,1000 mm/min)

Ra ¼

# A3
# A4

The number of peening (once, twice, four times)
The number of peening (with the same total
abrasive mass, through changing the traverse
speed)
Jet centre distance 1, 2, 3 mm

#0, #1,
#3, #4,
#11
#4, #5,
#3, #5,

# A5

#2,
#1,

Pa ðxa Þ ¼

1:916 

ðx þ0:069Þ2
 a
21:9162

pﬃﬃﬃﬃﬃﬃﬃ e
2p

:

2k

:

ð27Þ

According to Eq. (9), the abrasive particle velocity can be calculated as

#6,
#7,

va ¼

#8, #9, #10

3

pﬃﬃﬃﬃﬃﬃﬃ
ry0 ðap =Ra Þ2
pﬃﬃﬃﬃﬃﬃ
:
2 2q

ð28Þ

The abrasive particle–water velocity ratio xv can be obtained by
combining the abrasive particle velocity Eq. (28) with the water
velocity in Eq. (5). The average value and standard deviation can
be calculated as lv ¼ 0:18 and rv ¼ 0:07, respectively. The distribution function in Eq. (3) can be determined as

radius ratio xa and the abrasive-water velocity ratio xv when the
standoff distance and abrasive flow rate are determined [35].
#11 was selected to obtain clear and relatively sparse footprints
at a high traverse speed (1000 mm/min).
The radial positions of the footprints were collected (Image J
software, Fig. 9a), and the abrasive particle–workpiece contact
depth and contact radius of the footprints were collected (Mountain map software) as shown in Fig. 9b and c.
According to the radial position of the 200 abrasive particles,
the mean value of the abrasive particle radius position-nozzle
radius ratio and the standard deviation can be calculated as
la ¼ 0:069 and ra ¼ 1:916. The distribution function is described
as

1

ap 2 þ k2

2

Pv ðxv Þ ¼

ðx 0:18Þ
1
 v
pﬃﬃﬃﬃﬃﬃﬃ e 2ð0:07Þ2 :
0:07 2p

ð29Þ

5. Results and discussion
5.1. Verification for abrasive particle distribution
The footprints of AWJP are used to validate the abrasive particle
distribution. Fig. 11 shows the AWJP footprints at traverse speeds
of 300 and 1000 mm/min. As expected, the footprint intensity of
the traverse speed of 300 mm/min was significantly larger than

ð26Þ

Fig. 9. Schematics of data collection process. (a) experimental surface topography with pump pressure 200 MPa, abrasive flow rate 12 g/min, traverse speed 1000 mm/min,
(b) 3D graph of mountain map software at dwell position, (c, d) measurement of footprint depth with 3D and 2D topography, respectively.
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abrasive particle footprints at the edge, and few overlapping footprints occur when the traverse speed decreases (Fig. 11c1 and c2).
This indicates the accuracy of the Gaussian distribution function
parameters.
5.2. Verification for abrasive-water velocity ratio xv Eq. (4) and Eq.
(29)
Footprints under jet pressures of 100 and 300 MPa are shown in
Fig. 12 a1 and a2, respectively. A total of 20 independent footprints
are extracted in Fig. 12b1 and b2; the depth of the footprints
increases with jet essure. This is because the kinetic energy of
the abrasive particles increases with the jet pressure, which causes
an increase in workpiece deformation.
The depth and diameter of the 20 footprints under jet pressures
of 100 MPa and 300 MPa were measured; the mean value is indicated by the red line in Fig. 12c1 and c2. Compared with the calculated footprints of a single abrasive particle with a diameter of
169.76 lm (mean abrasive diameter), the jet pressures of
100 MPa and 300 MPa (the blue dashed line in Fig. 12c1 and c2)
are calculated based on the average abrasive-water velocity ratio
xv ¼ 0:18, which was obtained using the jet pressure of 200 MPa
(Equation (29) in Section 4.2). The measured and calculated results
are in good agreement, which proves that ratio xv is almost
unchanged with the jet pressure and can be used to establish the
relationship between the jet pressure and abrasive particle kinetic
energy.

Fig. 10. Schematics of the abrasive particle radius calculated process.

that at 1000 mm/min (Fig. 11a1 and a2). Both show that the footprint distribution intensity of the centre position is larger than that
of the edge position (Fig. 11b1, b2, c1, and c2); further, the intensity of the footprint gradually decreases from the centre to the
edges, as shown in Fig. 11(a1) and (a2). The width wt1 of the footprints in Fig. 11a1 and c1 is larger than the width wt2 in Fig. 11a2
and c2, which indicates the probability of abrasive particle footprints distributed at the edge is increased because of the increased
number of abrasive particles caused by the reduced traverse speed.
This can indicate the normal distribution of the abrasive particles.
Further, footprint intensity was collected and fitted from the
experiment (red rectangle, width 2 mm, in Fig. 11 a1 and a2); it
was found that the footprint distribution from the centre to the
edges follows a Gaussian distribution (red line in Fig. 11d1 and
d2). This is similar to the calculated abrasive particle distribution
based on the modelling (blue dashed line in Fig. 11d1 and d2).
Fig. 11(d1) and (d2) show that the abrasive particle intensity distributed at the centre position is larger than the corresponding
footprint intensity; however, the intensity of the abrasive particles
at the position of the edge shows good agreement with the corresponding footprints. This is because the overlapping footprints are
increased when the traverse speed is reduced from 1000 mm/min
to 300 mm/min (Fig. 11(b1) and (b2)), which makes the counted
footprint less than the actual footprints. However, there are fewer

5.3. Verification for surface roughness
A short trace length (2.5 mm) in Fig. 13a, which was selected for
surface roughness calculation, was referenced to the standard
length of surface roughness (Ra = 2–10 lm). The surface roughness
(Sa) is a square area (2.5  2.5 mm) aligned with the trace centreline (Fig. 13b).
The comparison of surface roughness with respect to jet pressure (#0–#2 in Table 4) indicated that surface roughness increased

Fig. 11. Schematics of abrasive particle footprints distribution. (a1, a2) Experimental footprint distribution with jet pressure 200 MPa, traverse speeds = 1000 mm/min and
300 mm/min, respectively. (b1, b2, c1, and c2) footprint distributions of the centre and edge positions of (a1) and (a2), respectively. (d1, d2) Comparison of experimental
footprint intensity and simulating abrasive particle distribution.
11

Z. Wang, Z. Liao, D. Axinte et al.

Materials & Design 212 (2021) 110209

Fig. 12. Schematics of footprints of multiple abrasive particles and a single abrasive particle footprint. (a1, a2) Experimental footprint with traverse speed 300 mm/min and
jet pressures of 100 and 300 MPa, respectively, (b1, b2) abrasive particle footprint of special position in (a1) and (a2), (c1, c2) mean footprints depth and abrasive-workpiece
contact diameter of 20 abrasive particles footprints in (b1) and (b2) and the corresponding calculated values according to the modelling.

Fig. 13. Comparison of experimental and calculated surface roughness. (a) AWJP surface with jet pressure 200 MPa, traverse speed 200 MPa, (b) extracted area for measuring
surface roughness, and (c) corresponding calculation surface roughness.

Table 4
Comparison of surface roughness under different AWJP pump pressure, traverse speed, and jet centre distance.
No.

Pump pressure
(MPa)

Traverse speed (mm/
min)

Jet centre distance
(mm)

Simulation surface roughness
(lm)

Experiment surface roughness
(lm)

Error

#0
#1
#2
#3
#4
#5
#6
#7
#8
#9
#10
#11

100
200
300
200
200
200
200
200
200
200
200
200

300
300
300
100
200
200
200
300
200
200
200
1000

0
0
0
0
0
0
0
0
1
2
3
0

8.72
9.39
10.4
9.23
9.29
9.31
9.27
9.33
9.15
9.20
8.90
9.05

7.91
8.71
9.56
8.44
8.61
8.32
8.79
8.27
8.57
8.45
8.59
8.02

10.2%
7.8%
8.8%
9.4%
7.9%
11.2%
5.5%
12.8%
6.8%
8.9%
3.6%
12.8%

(1
(1
(1
(1
(1
(2
(4
(3
(2
(2
(2
(1

pass)
pass)
pass)
pass)
pass)
passes)
passes)
passes)
traces)
traces)
traces)
pass)
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Fig. 14. Schematics of predicting and experimental compressive residual stress with different peening parameters. a) measured and predicted area, b) compressive residual
stress with jet pressures of 100, 200, and 300 MPa, c) compressive residual stress with jet nozzle traverse speeds of 100, 200, 300, and 1000 mm/min, d) and e) number of
passes (with the same and different total abrasive particle mass) influence on residual stress, and f) residual stress with the jet centre distances of 1, 2, and 3 mm.

5.4.1. Comparison of the predicting and experimental residual stress
The experimental compressive residual stress was measured in
a circular area with a diameter of 2 mm (Fig. 14a). The residual
stress variation in depth was measured using electro etching in
this area. The same circular area coinciding with the trace centreline (Fig. 14a) was selected to calculate the average predicted
residual stress for validating the modelling result.

at a high jet pressure because of the increased non-uniformity from
the higher particle carried energy. The predicted surface roughness
is slightly higher than the experimental value (SaPre. and SaExp. in
Fig. 13) because the square mesh is used to instead of the spherical
mesh when modelling the abrasive particle–workpiece contact
process. However, all results show that the maximum prediction
error is 12.8% and the minimum error is 3.6%, which proves the
accuracy of the model to a large extent. Further, the predicted surface roughness in the proposed model is calculated based on the
initial surface roughness Sa ¼ 7:70. The scanned initial surfaces
were meshed and updated by the footprints from the abrasive
particles.

 Compressive residual stress variation trend
The prediction results indicate the same compressive residual
stress variation trend as the experimental results (see solid lines
and spots in Fig. 14). With an increase in the jet pressure, the compressive residual stress in depth increased, and the thickness of the
compressive residual stress layer also increased (Fig. 14b). Abrasive particles with high kinetic energy supply a higher external
force on the workpiece, which result in a larger plastic deformation
layer. In this case, the workpiece needs to generate a higher internal stress, i.e. compressive residual stress, in a deeper position.

5.4. Verification for predicting residual stress
The prediction model was validated in terms of (i) comparison
of the predicted and experimental residual stresses, and (ii) residual stress distribution according to the proposed model.
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Fig. 15. Comparison of predicting and experimental maximum compressive residual stresses, and the varying trend of the maximum compressive residual stress with
different peening parameters. a) Jet pressure, b) traverse speed, c) number of peening with different abrasive mass, d) number of peening with the same abrasive mass, and e)
centre distance effect on compressive residual stress.

Further, the maximum stress could better indicate the changing
rate under different conditions. The rate of increase decreased as
the jet pressure increased (Fig. 15a, from 37.8% to 7.5% for the
experiments). When the traverse speed was below 300 mm/min,
it was nearly fully covered, and the changing rates under different
conditions were less than 7% (Fig. 15b-e).

The compressive residual stress increases with a decrease in the
traverse speed (from 1000 mm/min to 100 mm/min); the thickness
of the compressive residual stress layer is almost unchanged
(Fig. 14c). However, when the traverse speed was from 300 mm/
min to 100 mm/min, there was no significant difference in the
residual stress because abrasive particles are distributed in a
sparse manner for 1000 mm/min, which results in an incomplete
coverage (<100% cover). When the traverse speed was reduced to
300 mm/min, with more abrasive particles compressing, the workpiece surface was well covered. The workpiece is further covered
by continuing to reduce the speed; a lower increase occurs in the
stress and stress layers. This can be verified by increasing the number of peening. At a 200 mm/min traverse speed, the compressive
residual stress does not change during repeat peening (Fig. 14d).
In other words, when the total mass of the abrasive particles is
fixed and set above a critical value, peening while changing the traverse speed and peening number barely affected the stress
(Fig. 14e). These observations are consistent with those of previous
studies [44,45].
During the peening of the entire surface by multiple trace generation, the coverage was determined by the centre distance. This
can be observed by measuring the compressive residual stress in
the overlapping position between the two adjacent traces. This
implies the stress in such a position decreases as the centre distance increases beyond a certain limit (Fig. 14f).

5.4.2. Compressive residual stress distribution
In contrast to the local measurement of residual stress in the
experiment, our model can predict the compressive residual stress
distribution over the entire peening surface. Here, we select case
#10 (jet pressure = 200 MPa, traverse speed = 200 mm/min, centre
distance = 3 mm, and flow rate = 12 g/min). Different crosssections of the peening two traces were selected to better observe
the 3D distribution of the residual stress (Fig. 16a). In the top view
(cross-section i) of the generated traces, the compressive residual
stress map outline (yellow dashed line in Fig. 16c) is consistent
with the footprint outline (yellow dashed line in Fig. 16b). The left
view (cross-section iii in Fig. 16d) and front view (cross-section ii
in Fig. 16e) indicates that the compressive residual stress is not
well distributed near the trace overlapping and edge. The stress
is shown in Fig. 16f for the three positions at the trace overlapping,
centreline, and edge.
Stress distribution shows consistency (the maximum compressive residual stress and stress layer thickness) when the abrasive
particle coverage over the workpiece surface is saturated under
the same peening condition. However, the edge of the trace has
less coverage saturation and smaller compressive residual stress.
If the edge is fully covered, then the coverage around the trace centre will be supersaturated, which will lead to time wastage and
incur external costs. When peening the entire surface with multiple traces overlapping, the control of trace centre distance is meant
to increase the particle coverage near the overlapping (i.e. edges of
two adjacent traces) with minimal cost.

 Maximum compressive residual stress
The maximum compressive residual stress under the above
conditions was collected to better specify the differences between
the prediction and experiment. All 12 sets of comparison results
indicate that the maximum error is 8.3%; the minimal error is only
1.7% (Fig. 15).
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Fig. 16. Residual stress distribution according to the model with the 3D surface topography of #10 experiment with parameters (jet pressure = 200 MP, traverse
speed = 200 mm/min, centre distance = 3 mm, abrasive particle flow rate = 12 g/min, stand-off distance = 40 mm). (a) 3D distribution of compressive residual stress, (b)
corresponding surface topography, (c, d, e) top, left, and front views of the residual stress distribution, respectively, and (f) residual stress of areas A, B, and C of (c).

2. The model was validated by comparing the predicted and
experimental compressive residual stresses of the AWJP surface
centre position. All 12 sets of comparison results show that the
maximum error is 8.3%; the minimal error is only 1.7%. Further,
the proposed model first allows the prediction of compressive
residual stress for a specific position and distribution on an
entire peening surface.
3. Both experimental and calculated results prove that the considerations in the model may be necessary. These considerations
include (i) abrasive particle size, spatial position, and velocity
distribution; (ii) material work hardening; (iii) overlapping
footprints of both abrasive particle footprints and overlapping
traces; and (iv) the number of passes, traverse speed, and centre
distance of the abrasive waterjet beam.
4. Based on the model and experiments confirm that the AWJP
process with higher jet pressure can implant a larger residual
stress while trading off surface accuracy. The compressive

6. Conclusion
This paper proposes a mathematical model for predicting the
surface roughness and compressive residual stress distribution in
AWJPs. The energy distribution of the abrasive particles is considered to be dependent on abrasive particle size, spatial position, and
velocity distribution. During AWJP, such energy is partially transformed into the workpiece, which results in plastic deformation
on the workpiece surface and further implanting compressive
residual stress. Workpiece material hardening is considered among
the multiple abrasive–workpiece contact process. The key conclusions of this study are as follows.
1. Surface roughness predicted by the model agrees well with the
experimental results; all 12 sets of relative errors of quantitative comparisons are less than 15%, which validates that the
proposed model enables the prediction of surface roughness.
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Furthermore, the Von-Mises equivalent stress ri e [24], based on
the calculated principal stresses rx e , ry e and rz e , can be expressed
as

residual stress increases with the jet pressure, while the effect
of the jet pressure change rate slows down when the jet pressure is increased.

ri

Declaration of Competing Interest

(



with abrasive particle radius R ¼ d=2, E is the equivalent elastic
modulus, described as

ðA3Þ

2

ðA4Þ

z

4E

:

:

ðA11Þ

Strain deflection tensor can be expressed as

eex ¼ eey ¼ 13 ð1 þ c2 Þei e

:

ðA12Þ

ei e
ei e  ey0
;
e
ey0 þ aðei  ey0 Þ ey0 < ei e

ðA13Þ

where ey0 is the strain corresponding to the yield stress ry , coefficient a is the ratio of the maximum abrasive particle-workpiece
plastic indentation radius ap to the maximum elastic indentation
radius ae

a¼

where z is the depth of the predicted point in the workpiece, and ae
is the elastic contact radius of the abrasive particle-workpiece,
expressed as

13

sex ¼ sey ¼ rx e  rm e ¼ 13 ri e

ei p ¼

E1;2 and c1;2 are the elastic modulus and Poisson’s ratio of the abrasive particle and the workpiece, respectively. A and B are geometric
parameters, expressed as

3PR

A10Þ

Elastic-plastic deformation occurs, when the contact load P further increases and the equivalent stress ri e is greater than the yield
stress ry of the workpiece. Here, a simplified method of Li et al.
[24] is used to calculate the strain field to obtain the stress–strain
deflection tensor. Assuming that the plastic strain in the elastic–
plastic deformation stage is obtained from the strain field generated by pure elastic impact and the characteristics of complete
plastic impact, a coefficient a is introduced to establish the relationship between plastic strain and elastic strain, then the strain
in the loading process can be

ðA2Þ

8
< A ¼ ð1 þ ð z Þ2 Þ1
ae
: B ¼ 1  ð z Þtan1 ðae Þ


1
ex þ ey þ ez :
3

A.2. Elastic-plastic analysis of the loading process

ðA1Þ

!13

1  c1 2 1  c2 2
þ
E1
E2

em e ¼

eez ¼  23 ð1 þ c2 Þei e ¼ 2eex

where q0 is the maximum Hertz contact force, can be calculated
through the contact load P

p 3 R2

ðA9Þ

(



rx e ¼ ry e ¼ q0 12 A þ ð1 þ c2 ÞB
rz e ¼ q0 A


1 e
rx þ ry e þ rz e ;
3

sez ¼ rz e  rm e ¼  23 ri e ¼ 2sex

According to Hertz contact theory [24], the principal stress
along x, y and z directions can be expressed by



ðA8Þ

E2

rm e ¼

(

A.1. Stress–strain analysis of elastic contact

ae ¼

ri e

The stress deflection tensor of the target material can be
expressed as [27]

The solutions process of compressive residual stress according
to the abrasive particles and workpiece contact load P, and abrasive particle diameter d were provided based on research of [24–
28].

ae

ðA7Þ

Further, the hydrostatic stress and strain can be expressed as
[25]

Appendix A. The compressive residual stress calculation process

E ¼

ex ¼ ey ¼ E12 rx e  c2 ðry e þ rz e Þ
ez ¼ E12 ðrz e  2c2 rx e Þ

ei e ¼

This study was supported by EPSRC through the NanoPrime initiative (EPSRC Reference: EP/R025282/1). The first author also
gratefully appreciates the financial support provided by the China
Scholarship Council.

q0 ¼

ðA6Þ

The equivalent strain corresponding stress can be expressed as
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(

e

ap
ae

ðA14Þ

in which the elastic contact radius ae can be obtained by Eq. (A5),
the plastic contact radius ap can be obtained by Miao et al. [27]

ðA5Þ

ap ¼ R

16


1
8qv 2 4
:
9ry0

ðA15Þ
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static pressure does not cause plastic deformation, the unloading
before reverse yielding is elastic unloading, and the target material
is anisotropic hardened material, then the residual stress can be
expressed by the following relationship

According to the elastic–plastic stress–strain relationship, as
shown in Fig. A1, the stress during the loading process can be
expressed as

8 e
>
< ri ;

ei p < ey0
ri ¼ ry0 þ H ei  ey0 ; ey0  ei p < eb
>
:
rb ;
eb  ei p
p



p



ðA16Þ

ri e < ry0
s  s ; ry0  ri e  2ri p
0;

rr ¼

p

ðA19Þ

e

where H is the linear strain hardening index, and rb is the ultimate
tensile stress of the workpiece.
To obtain the stress deflection tensor, the strain deflection tensor should be obtained first. Based on the analysis process of the
elastic loading process, the strain deviation in the elastic–plastic
loading stage can be expressed as

This indicates that the residual stress is equal to zero during the
elastic loading stage. Therefore, the residual stresses in directions
x, y, and z can be expressed as

(

Workpiece undergoes reverse yielding and work hardening
when ri e > 2ri p , as shown in Fig. A1. Elastic unloading occurs first,
and the unloading stress is 2ri p , then reverse yielding occurs, however, there is still some stress that has not been eliminated in the
process, which can be expressed as [24]

epx ¼ epy ¼ 13 ð1 þ c2 Þei p

epz ¼  23 ð1 þ c2 Þei p ¼ 2epx

:

(

ðA17Þ

According to the elastic–plastic theory of Ilyushin et al. [25–27],
the stress deflection tensor in the elastoplastic loading stage can be
expressed as

(

p
spx ¼ spy ¼ 1þ1c re ip epx ¼ 13 ri p
2

i

spz ¼  23 ri p ¼ 2spx

rx r ¼ ry r ¼ 13 ðri p  ri e Þ
; ry0  ri e  2ri p
rz r ¼ 2rx r

Dri e ¼ ri e  2ri p :

ðA20Þ

ðA21Þ

The corresponding elastic strain can be described as

ðA18Þ

Dei e ¼

Dr i e
E2

ðA22Þ

Similar to the elastic–plastic loading process, the elastic–plastic
strain can be expressed as

A.3. Calculation of residual stress after unloading

Dei p ¼ aDei e

According to Atluri et al.[26], it is assumed that the abrasiveworkpiece contact process produces small deformation, hydro-

ðA23Þ

The corresponding stress can be obtained as

Dri p ¼ HDei p
(

ðA24Þ

The residual stress, when

ri e > 2ri can be expressed as [28]
p

rx r ¼ ry r ¼ 13 ðri p  2ri p  Dri p Þ
; ry0  ri e  2ri p
rz r ¼ 2rx r

ðA25Þ

Due to the number of abrasive particles from adjacent drop
points is similar to each other during AWJP processing, it is reasonable to regard adjacent fields as uniform coverage. Therefore, it is
assumed that the deformation field is stable and continuous, that
is, ex , ey are equal to zero, and the non-zero stress and strain components will be independent of x and y directions. Therefore, it can
have

rx ¼ ry ¼ f ðzÞ
rz ¼ 0

ðA26Þ

ex ¼ ey ¼ 0
ez ¼ f 1 ðzÞ

ðA27Þ

However, the residual stress cannot meet the equilibrium conditions, due to the relaxation phenomenon. According to Hooke’s
law, the stress relaxation value can be expressed as

rx rel ¼ ry rei ¼

c2

1  c2

rz

ðA28Þ

Then, residual stress can be calculated by

rx fin ¼ ry fin ¼ rx r 

c2

1  c2

rz r ¼

1 þ c2 r
rx
1  c2

ðA29Þ

The residual stress corresponding to the equivalent load P is
expressed by the following relationship

rR ¼
Fig. A1. Stress–strain relationship of the loading and unloading process.
17

1 þ c2 r
rx
1  c2

ðA30Þ
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